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Example 1 
60   October 31 ,  2011 ( 2 points) Find the limit , if it exists . lim௫→ଶ ݔ2√ + 5 − ଶݔ2 − 9  

Solution  ܮ = lim௫→ଶ ݔ2√ + 5 − ଶݔ2 − 9 = ඥ2ሺ2ሻ + 5 − 2ሺ2ሻଶ − 9 = √9 − 24 − 9 = 3 − 24 − 9 = 1−5 = − 15 

 
Example 2 

48   March 25, 2008 A Find the limit , if it exists lim௫→ଵ ଷݔ − ଶݔ1 − ݔ3 + 2 

Solution lim௫→ଵ ଷݔ  − ଶݔ1 − ݔ3 + 2  = 1 − 11 − 3 + 2 = 00 lim௫→ଵ ଷݔ  − ଶݔ1 − ݔ3 + 2  =  lim௫→ଵ  ሺݔ − 1ሻሺݔଶ + ݔ + 1ሻሺݔ − 1ሻሺݔ − 2ሻ =  lim௫→ଵ  ሺݔଶ + ݔ + 1ሻሺݔ − 2ሻ =   1 + 1 + 11 − 2  =  −3 

 

Example 3 
46   Date: July 5, 2007 Find the following limit , if it exists lim௫→ଷ ቆ ଷݔ − ݔ√27 − √3ቇ 

Solution lim௫→ଷ ቆ ଷݔ − ݔ√27 − √3ቇ  = 3ଷ − 27√3 − √3 = 27 − 27√3 − √3 = 00 

lim௫→ଷ ቆ ଷݔ − ݔ√27 − √3ቇ  =  lim௫→ଷ  ሺݔ − 3ሻሺݔଶ + ݔ3 + 9ሻ√ݔ − √3  =  lim௫→ଷ  ൫√ݔ − √3൯൫√ݔ + √3൯ሺݔଶ + ݔ3 + 9ሻ൫√ݔ − √3൯  

                                =   lim௫→ଷ  ൫√ݔ + √3൯ሺݔଶ + ݔ3 + 9ሻ =  ൫√3 + √3൯ሺ9 + 9 + 9ሻ = 2√3  ∙   27 = 54 √3 
                              
 

Example 4 
23   May 26. 2002 Evaluate the following limit lim௫→ଶ଻ ଶଷݔ3 − ଵଷݔ27 − 3  

Solution  lim௫→ଶ଻ ଶଷݔ3 − ଵଷݔ27 − 3  =  lim௫→ଶ଻ 3ሺ27ሻଶଷ − 27ሺ27ሻଵଷ − 3  =   lim௫→ଶ଻ 3ሺ9ሻ −  273 − 3   =   00   
 

∴  lim௫→ଶ଻ ଶଷݔ3 − ଵଷݔ27 − 3  =  lim௫→ଶ଻
3 ቈ൬ݔଵଷ൰ଶ − 9቉ݔଵଷ − 3 =  lim௫→ଶ଻  3 ൬ݔଵଷ − 3൰ ൬ݔଵଷ + 3൰൬ݔଵଷ − 3൰ =  lim௫→ଶ଻ 3 ൬ݔଵଷ + 3൰ =  3ሺ3 + 3ሻ = 18 

                           
  ሺ27ሻଵଷ = √27య = 3 
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Example 5 
33   October  25,2001 

A 
Find the limit , if it exists lim௫→ଵ ݔ − యݔ√1 − 1 

Solution lim௫→ଵ ݔ  − యݔ√1 − 1  =  1 −  11 − 1   =   00   
 

lim௫→ଵ ݔ  − యݔ√1 − 1  = lim௫→ଵ
ቈ൬ݔଵଷ൰ଷ − 1቉ݔଵଷ − 1 =  lim௫→ଵ  ൬ݔଵଷ − 1൰ ൬ݔଶଷ + ଵଷݔ + 1൰ݔଵଷ − 1 =  lim௫→ଵ   ൬ݔଶଷ + ଵଷݔ + 1൰ = 1 + 1 + 1 =   3 

 

Example 6 
29  Feb. 24,  2000 Evaluate the following limit lim௫→ଶ 1 − ට 21ݔ − 2ݔ  

Solution 

lim௫→ଶ 1 − ට 1 2ݔ − 2ݔ  =  1 −  11 − 1   =   00   
∴   lim௫→ଶ 1 − ට 1 2ݔ − 2ݔ  = lim௫→ଶ  ቆ1 − ට 2ݔ ቇ

ቆ1 − ට 2ݔ ቇ ቆ1 + ට 2ݔ ቇ =  lim௫→ଶ  1ቆ1 + ට 2ݔ ቇ =  11 + 1 = 12 

                        
 

Example 7 
12  November 2,  

1995 
Find the following limit , if it 
exists lim௫→ଵ ଶݔ + ݔ2 − ݔ|ݔ3 − 1|  

Solution ܮ = lim௫→ଵ ଶݔ        + ݔ2 − ݔ|ݔ3 − 1| = 1 + 2 − 3ሺ1ሻ|1 − 1| = 00 
 lim௫→ଵ ଶݔ + ݔ2 − ݔ|ݔ3 − 1|  =  lim௫→ଵ  ሺݔ + 3ሻሺݔ − 1ሻݔ|ݔ − 1|  

ଵܮ  = lim௫→ଵశ ଶݔ + ݔ2 − ݔ|ݔ3 − 1| = lim௫→ଵశ ሺݔ + 3ሻሺݔ − 1ሻݔሺݔ − 1ሻ =  lim௫→ଵశ ሺݔ + 3ሻݔ     = 41 = 4                                                   ⇾ ሺ1ሻ 

ଶܮ  = lim௫→ଵష ଶݔ     + ݔ2 − ݔ|ݔ3 − 1|  =  lim௫→ଵష     ሺݔ + 3ሻሺݔ − 1ሻ−ݔሺݔ − 1ሻ =   lim௫→ଵష     ሺݔ + 3ሻ−ݔ =  − 41 =  −4                              ⇾ ሺ2ሻ 

   from  ሺ1ሻ, ሺ2ሻ ∴ 1ܮ    ≠ ∴  2ܮ  ܮ  = lim௫→ଵ     ݔଶ + ݔ2 − ݔ|ݔ3 − 1|       D. N. E  
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Example 8 
24  November 3,  1998 Evaluate the following limit lim௫→ଶ ሺݔ − 2ሻඨ1 + 1ሺݔ − 2ሻଶ 

Solution ܮ = lim௫→ଶ  ݂ሺݔሻ = lim௫→ଶ     ሺݔ − 2ሻඨ1 + 1ሺݔ − 2ሻଶ = 0 ∙ ∞ 

ܮ = lim௫→ଶ  ݂ሺݔሻ =  lim௫→ଶ     ሺݔ − 2ሻඨሺݔ − 2ሻଶ + 1ሺݔ − 2ሻଶ = lim௫→ଶ     ݔ − ݔ|2 − 2| ඥሺݔ − 2ሻଶ + 1   
ଵܮ = lim௫→ଶశ  ݂ሺݔሻ = lim௫→ଶశ   ݔ − ݔ2 − 2 ඥሺݔ − 2ሻଶ + 1 =  lim௫→ଶశ   ඥሺݔ − 2ሻଶ + 1   = 1                  ⇾ ሺ1ሻ   ܮଶ = lim௫→ଶష  ݂ሺݔሻ =  lim௫→ଶష ݔ    − 2−ሺݔ − 2ሻ ඥሺݔ − 2ሻଶ + 1 =  lim௫→ଶష   −ඥሺݔ − 2ሻଶ + 1  =  −1         ⇾ ሺ2ሻ  from  ሺ1ሻ, ሺ2ሻ ∴  lim௫→ଶశ  ݂ሺݔሻ   ≠  lim௫→ଶష  ݂ሺݔሻ  

∴  lim௫→ଶ     ሺݔ − 2ሻඨ1 + 1ሺݔ − 2ሻଶ .ܦ          ܰ.  ܧ

 

Example 9 
38   January 15, 

2011 

Suppose that lim௫→௔ ݂ሺݔሻ and lim௫→௔ ݃ሺݔሻ both exist. 

if lim௫→௔ሾ݂ሺݔሻ + ݃ሺݔሻሿ = 5 and lim௫→௔ሾ݂ሺݔሻ − ݃ሺݔሻሿ = 1 

then find lim௫→௔ሾ݂ሺݔሻ݃ሺݔሻሿ 
Solution   Let        lim௫→௔ ݂ሺݔሻ = L     and    lim௫→௔ ݃ሺݔሻ = K lim௫→௔ሾ݂ሺݔሻ + ݃ሺݔሻሿ = lim௫→௔ ݂ሺݔሻ + lim௫→௔ ݃ሺݔሻ = L + K                                       ∴ L + K = 5                               → 1  

 lim௫→௔ሾ݂ሺݔሻ − ݃ሺݔሻሿ = lim௫→௔ ݂ሺݔሻ − lim௫→௔ ݃ሺݔሻ = L − K                                       ∴ L − K = 1                               → 2  
 1 + 2                 2L = 6                  → ܮ                 = 3 
 1 − 2                 2K = 4                  → ܭ                 = 2 

 lim௫→ୟሾ݂ሺݔሻ݃ሺݔሻሿ = lim௫→ୟ ݂ሺݔሻ ∙ lim௫→ୟ ݃ሺݔሻ = L ∙ K = 3 ∙ 2 = 6 
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Homework 
 

1 Find the limit , if it exists
 

lim௫→ିଶ ଷݔ + ݔ8 + 2  30  October 19,  2000 A 

2 Evaluate the following limit(if it exists)
 

lim௫→ଵ యݔ√ − ݔ1 − 1  6  January 6,  1993 

3 Evaluate the following limit (if it 
exists) lim௫→ସ ݔ√ − ݔ2 − 4  32  March 22, 2001 

4 Find
 

lim௫→ଵ ݔ√ − ଶݔ1 − 1 36   April 19,2003 A
 

5 Find the limit , if it exists
 

lim௫→଴ ݔ|ݔ|3 +  ଷ 3  March 19, 1992ݔ

6 Evaluate the following limit(if it exists)
 

lim௫→ଵ ݔ|3 − ݔ|1 − ଷݔ
 

8  October  28, 1993
 

7 Find the limit , if it exists
 

lim௫→଴ ඨ1ݔ + ଶݔ1
 

3  December 30,   1991
 

8 Evaluate the following limit(if it exists)
 

lim௫→ଷሺݔ − 3ሻඨ ଶݔ + 1ሺݔ − 3ሻଶ
 

 

9 Evaluate the following limit(if it exists) lim௫→଼ ଶଷݔ3 − 1 ଵଷݔ2 − 2  12  January 19,  1995 

10 Evaluate the following limit lim௫→ଶሺݔ − 2ሻඨ ଶݔ + 1ሺݔ − 2ሻଶ 1  November  1987 

11 Find the limit , if it exists lim௫→ଵ ݔ|5 − ଶݔ|1 + ݔ − 2 11  March 31, 1994 
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Homework 
 

10 Find the following limit , if it exists lim௫→ଶሺݔ − 2ሻඨ ଶݔ + 1ሺݔ − 2ሻଶ 
Solution lim௫→ଶ  ݂ሺݔሻ = lim௫→ଶ     ሺݔ − 2ሻඨ ଶݔ + 1ሺݔ − 2ሻଶ  

 lim௫→ଶ  ݂ሺݔሻ =   lim௫→ଶ     ݔ − ݔ|2 − 2| ඥݔଶ + 1   lim௫→ଶశ  ݂ሺݔሻ = lim௫→ଶశ   ݔ − ݔ2 − 2 ඥݔଶ + 1  =   lim௫→ଶశ  ඥݔଶ + 1   = √5                  ⇾ ሺ1ሻ lim௫→ଶష  ݂ሺݔሻ =  lim௫→ଶష ݔ   − 2−ሺݔ − 2ሻ ඥݔଶ + 1  = lim௫→ଶష − ඥݔଶ + 1  = −√5       ⇾ ሺ2ሻ  from  ሺ1ሻ, ሺ2ሻ ∴  lim௫→ଶశ  ݂ሺݔሻ   ≠  lim௫→ଶష  ݂ሺݔሻ  
∴  lim௫→ଶ     ሺݔ − 2ሻඨ ଶݔ + 1ሺݔ − 2ሻଶ .ܦ          ܰ.  ܧ

 
 
 

11 Find the limit , if it exists lim௫→ଵ ݔ|5 − ଶݔ|1 + ݔ − 2 

Solution lim௫→ଵ     5|ݔ − ଶݔ|1 + ݔ − 2  =  lim௫→ଵ ݔ|5        − 1|ሺݔ + 2ሻሺݔ − 1ሻ = 00    lim௫→ଵశ ݔ|5     − ଶݔ|1 + ݔ − 2 = lim௫→ଵశ         5ሺݔ − 1ሻሺݔ + 2ሻሺݔ − 1ሻ =  lim௫→ଵశ       5ሺݔ + 2ሻ    =  53                       ⇾ ሺ1ሻ lim௫→ଵష ݔ|5     − ଶݔ|1 + ݔ − 2  =  lim௫→ଵష     −5ሺݔ − 1ሻሺݔ + 2ሻሺݔ − 1ሻ  =   lim௫→ଵష     −5ሺݔ + 2ሻ =  − 53                      ⇾ ሺ2ሻ from  ሺ1ሻ, ሺ2ሻ ∴  lim௫→ଵశ ݔ|5     − ଶݔ|1 + ݔ − 2   ≠  lim௫→ଵష ݔ|5     − ଶݔ|1 + ݔ − 2  ∴  lim௫→ଵ     5|ݔ − ଶݔ|1 + ݔ − 2 .ܦ       ܰ.   ܧ
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12 Evaluate the following limit lim௫→଴ ඨݔ ଶݔ1 − 1 

Solution lim௫→଴  ݂ሺݔሻ = lim௫→଴     ݔඨ ଶݔ1 − 1 = lim௫→଴     ݔඨ1 − ଶݔଶݔ =  lim௫→଴     ݔ|ݔ| ඥ1 − ሻݔଶ     lim௫→଴శ  ݂ሺݔ = lim௫→଴శ     ݔݔ ඥ1 − ଶݔ  =   lim௫→଴శ     ඥ1 − ଶݔ   = 1                     ⇾ ሺ1ሻ lim௫→଴ష  ݂ሺݔሻ =  lim௫→଴ష ݔ−ݔ        ඥ1 − ଶݔ    =  lim௫→଴ష −ඥ1 − ଶݔ = −1             ⇾ ሺ2ሻ  from  ሺ1ሻ, ሺ2ሻ ∴  lim௫→଴శ  ݂ሺݔሻ   ≠  lim௫→଴ష  ݂ሺݔሻ  
∴  lim௫→଴     ݔඨ ଶݔ1 − 1 .ܦ       ܰ.   ܧ
 

13 Find the following limit , if it exists lim௫→ଵ ݔ√ − ଷݔ1 − 1 

Solution lim௫→ଵ ݔ√  − ଷݔ1 − 1  =  1 −  11 − 1   =   00   
   lim௫→ଵ ݔ√  − ଷݔ1 − 1  = lim௫→ଵ ݔ√  − 1ሺݔ − 1ሻሺݔଶ + ݔ + 1ሻ = lim௫→ଵ ݔ√  − 1൫√ݔ − 1൯൫√ݔ + 1൯ሺݔଶ + ݔ + 1ሻ =  lim௫→ଵ  1൫√ݔ + 1൯ሺݔଶ + ݔ + 1ሻ =  12 ∙ 3 = 16 
 
 

14 Find the limit , if it exists lim௫→଴ ଶඨ1ݔ +  ଶݔ1
Solution lim௫→଴  ݂ሺݔሻ = lim௫→଴     ݔଶඨ1 + ଶݔ1 = 0 ∙ ∞ 

lim௫→଴  ݂ሺݔሻ  =   lim௫→଴     ݔଶඨݔଶ + ଶݔ1 = lim௫→଴     ݔଶ|ݔ| ඥݔଶ + 1   
lim௫→଴శ  ݂ሺݔሻ = lim௫→଴శ     ݔଶ|ݔ| ඥݔଶ + 1 = lim௫→଴శ     ݔଶݔ ඥݔଶ + 1  =   lim௫→଴శ    ݔ ඥݔଶ + 1   = 0                     ⇾ ሺ1ሻ lim௫→଴ష  ݂ሺݔሻ = lim௫→଴ష     ݔଶ|ݔ| ඥݔଶ + 1 =  lim௫→଴ష ݔ−ଶݔ        ඥݔଶ + 1    = lim௫→଴శ   −ݔ ඥݔଶ + 1  = 0              ⇾ ሺ2ሻ  from  ሺ1ሻ, ሺ2ሻ ∴  lim௫→଴శ  ݂ሺݔሻ   =  lim௫→଴ష  ݂ሺݔሻ = 0                       ∴  lim௫→଴     ݔඨ ଶݔ1 − 1      = 0 


